A multi-reflection model of grating diffraction based on the simplified modal method is proposed. Simulation results for a guided mode resonance Brewster grating using our method and rigorous coupled wave analysis are presented to verify our model. The solution of our method is in good agreement with that of rigorous coupled wave analysis. Benefiting from its clear physical view, this model helps us to better understand the diffraction process inside subwavelength gratings. On the basis of the multi-reflection model, we developed a matrix Fabry-Perot (FP) resonance condition and a single-mode resonance condition to evaluate the resonance wavelength. These resonance conditions may be helpful for simplifying design of guided mode resonance (GMR) gratings.
Introduction
Subwavelength gratings are simple periodic optical structures that can serve as various functional components in optical systems, such as optical filters [1, 2, 8] , beam splitters [3] [4] [5] , and highefficiency waveguide couplers [6] [7] [8] . Among various numerical methods, rigorous coupled wave analysis (RCWA) [9, 10] is one of the most widely used methods to accurately analyze the diffraction properties of subwavelength gratings. Despite its high computational efficiency, RCWA has a disadvantage in that its physical interpretation is unclear, which makes it less helpful for designing functional gratings. The modal method, an alternative to RCWA proposed by Botten et al. [11] , describes the physical process of grating diffraction as propagation of grating modes inside the grating and coupling between grating modes and diffraction orders at the interfaces. For low-contrast deeply etched gratings, reflection at the interfaces and the effects of evanescent grating modes can be neglected; therefore, a simplified modal method (SMM) was introduced [12, 13] . When the symmetries of the grating modes are considered, the SMM can give approximate analytical expressions for calculating the diffraction efficiencies of these gratings under Littrow incidence. These expressions can be used to solve inverse grating problems and are very helpful for designing beam splitter gratings [3, 4] . Zheng et al. also applied the SMM to designing subwavelength gratings under second Bragg incidence [14] . The SMM was also developed for application to the design of triangular-groove [15] and sinuous-groove gratings [16] .
The SMM has successfully guided the design of low-contrast subwavelength gratings. However, when the index contrast increases, the reflection at the grating interfaces must be considered; therefore, the simple expressions of the diffraction efficiencies no longer work. Karagodsky et al. developed a modal method to study the ultra-wideband high reflectivity in high-contrast gratings [17] . On the basis of the method in Ref. [17] , he also explained how the resonance mechanism in high-contrast gratings can be understood in terms of the Fabry-Perot (FP) resonance of the grating modes [18] and proposed a simple mathematical expression to predict the resonance wavelength. Wu et al. [19] applied Karagodsky's method to analysis of guided mode resonance (GMR) gratings with asymmetric coatings. However, the method developed by Karagodsky requires even symmetric grating modes, and it is applicable only for normal incidence. In 2013, Sun et al. first proposed a multi-reflection model of grating diffraction based on the SMM [20]. Sun's model uses a Fresnel form to express the reflection and transmission coefficients by analogy to those of a flat interface. Yang and Li recently introduced an improved SMM [21] to deal with transverse electric (TE)-polarized incidence at arbitrary angles. In Ref.
[21], Yang and Li discussed the relationship between the Fresnel-form-based multi-reflection model and the scatter matrices obtained by their method, and pointed out that the Fresnel-form-based multi-reflection model neglects the coupling of grating modes and works only when the incident angle is around Littrow incidence. In this letter, we propose a multi-reflection model based on the SMM with a complete matrix description to study the resonance in subwavelength dielectric gratings. This model is applicable to analyzing grating diffraction with incidence at arbitrary angles. A GMR Brewster grating filter is designed, and simulation results obtained using the RCWA and our method are compared to verify the validity of our method. Two resonance conditions based on the multi-reflection model are also proposed for evaluating the resonance wavelength. Fig. 1 : Illustration of a grating and its parameters: the groove depth is h, and the grating period is d; the widths of the grating ridge and groove are r and g, and the corresponding refractive indices are n r and n g , respectively.
Multi-reflection model of grating diffraction
The grating is schematically illustrated in Fig. 1 . The diffraction process in the grating is analogous to the multi-reflection process in a thin film structure: 1. Part of the incident wave is reflected as diffraction waves by the input plane (z = 0), and the remaining energy of the incident wave is coupled into downward-propagating modes inside the grating. 2. The downwardpropagating modes travel to the output plane (z = h). 3. The downward-propagating modes are partially coupled into the transmitted diffraction orders on the output side (z > h) and partially reflected as upward-propagating modes. 4. The upward-propagating modes travel to the input plane (z = 0). 5. The upward-propagating modes are partially coupled into the reflected diffraction orders on the input side (z < 0) and partially reflected as downward-propagating modes. 6. Steps 2-5 repeat infinitely; the entire transmitted diffraction field is a superposition of all the fields transmitted by the downward-propagating modes in step 3, and the reflected diffraction field is a superposition of the field reflected from the incident wave in step 1 and all the fields transmitted by the up-propagating modes in step 5. The mathematical interpretation of the full process is presented below.
In step 1, the field of the incident wave and the diffraction orders reflected from the incident wave by the input interface (z = 0) at z < 0 can be written as
where k xn = k 0 sin θ 0 + 2πn/d, k I zn = (k 0 n 1 ) 2 − k 2 xn , and k 0 = 2π/λ, r n is the complex amplitude of the nth reflection diffraction order reflected from incident wave in this step. The field of transmitted downward-propagating modes inside the grating
where β m = k 0 n m e f f , a + m is the complex amplitude of the mth grating mode transmitted from incident wave in this step, and n m e f f is the effective refractive index of the mth grating mode which is determined by [11] cos (k g g) cos (k r r) −
u m (x) is the unified profile of the mth grating mode (detailed form can be found in [11] ) and satisfies
where
The boundary condition implies that F(x, z) should be matched at z = 0:
If we multiply the left-and right-hand sides by u * m (x)/α g (x), integrate both sides over [0, d), and use Eq. (4), we have
If we define α as
should also be matched at z = 0:
If we multiply the left-and right-hand sides by u * m (x) and integrate both sides over [0, d), we have
Eqs. (6)-(9) can be written in matrix form:
where F, R, A + (0) are vectors: (F) n = δ n0 , (R) n = r n , (A + (0)) n = a + n exp (iβ n z)| z=0 , and K I , B are diagonal matrices: (K I ) mn = δ mn k I zn , B = δ mn β n . The reflection and transmission matrices for incidence at z = 0 ρ inc and τ inc are defined as R = ρ inc F,
Using the mutually inverse relation between J and L (proved in the Appendix),
we can solve ρ inc and τ inc :
In step 2, downward-propagating modes travel from the input plane (z = 0) to the output plane (z = h), and the weight of each mode changes with phase accumulation:
The matrix expression of this mode propagation process is
where ϕ is a diagonal matrix: (ϕ) mn = δ mn exp (iβ m h).
Next, we examine step 3 at the input plane, z = h. The downward-propagating grating modes travel down from z = 0, and are reflected as upward-propagating modes by the output plane (z = h). The superposed field F(x, z) of these modes in 0 < z < h is
Here a − m is the complex amplitude of the mth upward-propagating grating mode reflected from the downward-propagating modes in this step. The remaining energy of the downward-propagating modes is coupled into the transmitted diffraction waves. The field of diffraction orders transmitted from by the downward-propagating modes in z > h can be written as
where k I I zn = (k 0 n 2 ) 2 − k 2 xn , t n is the complex amplitude of the nth transmissive diffraction order. As in Eq. (14), the boundary conditions can be written in matrix form:
where T, A + (h)andA − (h) are vectors: (T) n = t n , (A + (h)) n = a + n exp (iβ n z)| z=h , (A − (h)) n = a − n exp (−iβ n z)| z=h . K II is a diagonal matrix: (K II ) mn = δ mn k I I zn . Denoting the reflection matrix and transmission matrix at the input plane as ρ o and τ o , respectively: 
Step 4 is similar to step 2. The modes are propagating in the opposite direction to that in step 2:
Using a process similar to that in step 3, by matching F(x, z) and ∂ z F(x, z)/α(x, z) at z = h, we can solve the reflection and transmission matrices ρ i and τ i in step 5:
After the reflection and transmission matrices are obtained, the total diffraction field can be calculated by superposing all the diffraction fields in the reflection and transmission processes in steps 1-5. The complex amplitude vectors of the total reflected and transmitted diffraction orders are
If ρ i ϕρ o ϕ is a convergent matrix, which it is in most cases,
Then the diffraction efficiencies can be calculated as
where η R i and η T i are the efficiencies of the ith reflected and transmitted orders, respectively, and "real" indicates the real part of a complex number.
Similar to simplified modal method [12, 13] , a propagating mode approximation can be introduced in our model that the effects of evanescent modes are neglected and the modal series expansions are cut off after all the propagating modes. In this way, the matrices with infinite sizes in Eqs. (25) become N × N matrices, where N is the number of propagating modes.
Application for GMR Brewster filter
The guided mode resonant (GMR) grating [22, 23] is a type of high-contrast grating. Most GMR gratings are used under normal incidence; therefore, Karagodsky's method is applicable. The GMR Brewster grating [24] , which exploits the extinguished transverse magnetic (TM)-polarized reflection due to the Brewster effect, can be used to implement extremely low-reflectivity sidebands. As no symmetric grating modes exist under Brewster incidence, Karagodsky's method no longer works. To verify our multi-reflection model, we designed a GMR Brewster grating filter for an incident wavelength of 632.8 nm. The filter consists of a waveguide grating layer on a fused-silica substrate. The parameters of the filter are f = 0.5, d = 270.9 nm, h = 525.9 nm, n 1 = 1, n g = 2, and n r = n 2 = 1.457. The incident wave illuminates the filter at the Brewster angle of this structure, θ B = 60.7°, which is calculated by employing thin film theory [27] . Fig. 3 shows the variation of the reflectivity calculated by RCWA. Resonance occurs at a wavelength of 632.8 nm with a sharp peak. It is worth mentioning that the sharp peak is also a result of co-existence of GMR and Rayleigh anomaly [25, 26] , as the Rayleigh anomaly condition k x,−1 = k 0 n 2 is meeted, where k x,−1 is the x-component of the wave vector of the -1st order.
The first two grating modes inside the waveguide grating are propagating modes. Assuming Fig. 4 : Comparison of simulation results obtained using RCWA and the multi-reflection modal method. When the first four modes are considered, the modal solution is in good agreement with that of RCWA. that these two modes will dominate the process of diffraction, we introduced the propagating mode approximation and cut off the modal series expansions in Section 2 after the first two modes. The variation of the reflectivity calculated by our method and that calculated by RCWA are compared in Fig. 4 . Under the two-mode cutoff approximation, the resonance wavelength is located at λ = 633.13 nm. When more modes are considered, the peak of the variation moves closer to 632.8 nm, and the fourth mode has a more significant effect than the third mode on the peak shift. We also plot the intensity distributions of the magnetic fields of the first four grating modes in Fig. 5 . The first two modes are propagating modes, and they form standing waves in the z direction. The third and fourth modes are evanescent, and most of their energy is confined near the input and output planes (z = 0, h). The field intensities of the first two modes are much larger than those of the other modes, and the field intensity of the fourth mode is larger than that of the third mode. These results validate our assumption that the effects of the first two modes are dominant, and confirm that the fourth mode has a larger effect than the third mode in this grating.
The multi-reflection model can also give the matrix FP resonance condition to predict the resonance wavelength: resonance occurs when an assembly of modes M in the grating layer can constructively interfere with themselves after a full round trip according to steps 2-5. This condition can be described by the expression M = ρ i ϕρ o ϕM, which is equivalent to
The values of det(I − ρ i ϕρ o ϕ) for different incident wavelengths are calculated and presented in Fig. 6 . Under the two-mode cutoff approximation, the minimum of this determinant is located at 633.1 nm, which is close to the resonance wavelength. Compared to the evaluation by the method in Ref.
[23], the prediction by our method is much closer to the resonance wavelength obtained using RCWA. It is also worth noting that the filter is designed by using this resonance condition and simulated annealing algorithm. If one of the propagating modes can constructively interfere with itself after a full round trip in the grating, resonance may also happen. In this case, the condition Eq.(26) can be simpler as:
Discussion
where q means the qth mode, ρ i,qq , ρ o,qq mean the qth diagonal element of the matrices ρ i , ρ o . Fig.7(a,b) shows the value of 1 − ρ i,qq ρ o,qq for the first three modes when the corresponding grating parameters are in the domain: n 1 = 1, n g = 2, n r = n 2 = 1.457, f = 0.5, d ∈ [200, 600]nm, λ = 632.8nm, θ 0 ∈ [0°, 70°]. In the dark area of Fig.7(b,c) , 1 − ρ i,qq ρ o,qq is very close to zero, implying resonance may happen when the grating depth h satisfies Eq.(27). We can also anticipate the occurrence of resonance in the same domain with the condition Eq.(26) (by checking whether there is an h can satisfy Eq.(26)), since its validity has already been proved (Fig.6 ). To find whether such an h exists for a certain point in this domain, we have checked if the minimum of the determinant among h ∈ [0, 3000]nm for that point is close to 0, and these minima for all the points in this domain are shown in Fig.7(d) (all the determinants are calculated under 6 modes cutoff approximation). The dark area in Fig.7(d) almost coincides with those in Fig.7(b) and Fig.7(c) , indicating that Eq.(28) successfully anticipates the occurrence of resonance in this domain. However, it is not expected that there isn't any other dark areas in Fig.7(c) . It needs a further investigation that whether the first mode and other modes can constructively self interfere and result resonances in other cases.
Conclusion
In conclusion, we introduced a multi-reflection model based on the simplified modal method (SMM) for analyzing diffraction in subwavelength gratings. Our method is successfully applied to analyze GMR gratings under non-normal incidence. The simulation result for a GMR Brewster filter obtained by using our method is compared with that using RCWA. Even when only two modes are used in this specified cases, the multi-reflection modal solution is in good agreement with the RCWA solution. Our multi-reflection model also provides a matrix FP resonance condition to evaluate the resonance wavelength. A single-mode resonance condition is also developed from the matrix resonance condition. The expression of the single-mode resonance condition is simple and its clear physics view for GMR inside the grating and may be useful for designing GMR gratings. Simulation results also infer that the second mode may play a special role in the resonance inside the grating. This interesting fact needs further study to confirm and explain.
